Liouville field theory on Z N -Riemann surface is considered. The partition function of the Liouville field theory on the Z N -Riemann surface are expressed as product of correlation functions of the Liouville vertex operators on a sphere and the twisted fields. †
Introduction
The main motivation to study two-dimensional Liouville field theory (LFT) its relation to the string theories. However despite significant progress in understanding of the classical Liouville theory the situation up to now in understanding of quantum Liouville field theory in the general case are still unknown. In the past few years essential progress has been achieved in the understanding of LFT. Recently an analitic expression for the three-point correlation function of the Liouville vertex operators there was consrtucted [1, 2, 3] . This is why interest to the LFT was renewed.
The present work is organized as follows. In first part of section II a brief description is given of a Liouville Field Theory on Z N -Riemann surfaces. In second part of section II by using Polyakov's proposal, partition function of the LFT on Z N -Riemann surface reduced to LFT on sphere and free scalar field theories with inserted Liouville vertex operators and twisted fields. The present paper are generalization of our previous work [12] .
LFT on Z N -Riemann surfaces.
A Z N -symmetric Riemann surface X (N ) g of genus g ≥ 1 are determined by an algebraic equation of the form
g -is a N-sheet covering of a Riemann sphere. The genus g of a Z N -Riemann surface
can be calculated using the Riemann-Hurwitz theorem. The Z N -Riemann surface has h complex parameters, therefore the moduli space
We can compare with the dimension of the moduli space M of generic Riemann surfaces
and we can conclude that Z N -Riemann surface do not contain all Riemann surface. We start with Liouville theory in the conformal gauge. The action is given by
where b and µ are coupling and cosmological constants respectively. We have fixed a fiducial metricĝ on a given topological surface with curvaturê R normalized by
on a genus-g surface.
We label the N-sheets of the Riemann
by the numbers l = 0, 1, ..., N − 1
Under the map (7) the Lagrangian density, energy-momentum tensor and Liouville fields (L(φ(y)),
. Each Liouville branch fields φ (l) (z) transforms like a logarithm of the conformal factor of the metric under the holomorphic change of coordinate
where
On each sheet we have holomorphic Liouville stress-energy tensores
with the Liouville central chargeĉ
Now let's assume that fields (T (l) (z), φ (l) (z,z)) on N-sheet covering may be considered as vector fields on CP 1 . When argument surround the branch points vector fields transformed with corresponding to monodromy matrix. The monodromy matrics form the representation of the first homotopy group π 1 (CP 1 / ∪ ω j ) and in our case monodromy group is just Z N . It is convenient to pass to a basis [6] in which the generators of monodromy group are diagonal
The "bosonization rule" for the operators T (k) in the diagonal basis can be written as follows
Particulary the form of the Liouville energy-momentum tensors is given by
and the corresponding Liouville central charge is
Thus we splittes the original theory into the LFT on a sphere with the central charge c s = 1 + 6Q 2 N and free field theories of φ (s) s = 1, 2, ..., N − 1 with (N − 1) central charges c f = 1. Under a holomorphic transformation of coordinates the Liouville field φ (0) ≡ Φ and free fields φ (k) (k = 0) are transformed as follows
Let's rewrite (14) in terms of new variables
According to the monodromy properties [6] of the vector fields on CP 1 we have to define two kinds of "Liouville vertex operators". The first one is "untwisted vertex operators"
with dimensions
The physical LFT space of states is defined by the following charge [7, 8] 
Thus finaly we get for dimension
The second one twisted vertex operators
with corresponding dimension [6] ∆
The twist fields σ k (z|l) has dimension
where the simbol {x} denotes the fractional part of x. Now we would like to construct the partition function of the LFT on X (N ) g by using these knowledges. According to the main proposal of Polyakov [5] the "summation" over as mooth metric with the insertion of vertex operators should be equivalent to the "summation" over a metric with singularities at the insertion points and without insertion of the vertex operators. Therefore, the partition function of the Liouville field theory on Riemann surface
can be represented on Z N -surface as follows
In order to evaluate the last partition function, we will first integrate over the zero mode of Φ. After integrating over zero mode we will get in terms of ortogonal fields (ortogonal to the zero mode [4] ).
The last integral expression (correlation function) in (28) of the fields σ k is determined as
where matrixŴ is the period matrix, γ ij forms a basis in H 1 (X (N ) g , Z) [9] . Besides well known that maltipoint correlator (30) leads to the partition function of the free scalar fields under the Ramond boundary condition [10] . The first correlation function in (28) is not free field correlator because in general power s is not a positive integer. But for integer value s = n = 0, 1, 2, ... the partition function Z g exhibits a pole in the γ i with the residue equivalent to the corresponding perturbative integral
where G (n) -is free field correlator
which is n-th term in the naive perturbation (26) of Z g in power of µ. So, the LFT's partition function on the Z N -Riemann surface reduced to the Liouville correlation function (on the sphere) with inserted Liouville vertex operators (with charges γ i ) and to the correlation function of the twisted fields [11] . The residue of the LFT's partition function on Z g -Riemann surface at the poles are correlation functions of the free field theries on Z N -Riemann surface.
Let's consider particular case when we have Liouville field theory on the elliptice curve i.e. N = 2, h = 4. We can rewrite (26) for this particular case as follows
then the residue of Z 1 (with corresponding to (31)) will equivalent to the conformal four-point function 
So, we can conclude that Liouville partition function on elliptic curve reduced to the four-point correlation function of Liouville vertex operators on sphere and partition function of free field theory where integration go over the compactified fields with the Ramond boundary condition.
